The superelastic deformation of an adaptive layer composite containing a shape memory alloy as an active component is considered in this paper. It is shown that the intrinsic instability of superelastic deformation can be suppressed in such kind of composite. The stability analysis of superelastic deformation allows one to formulate design principles of adaptive composites with controlled stress-strain hysteresis. The analysis of composite with sufficiently different elastic moduli of passive and active layers is a necessary step for using adaptive composites in applications which require a large reversible superelastic deformation.
Introduction
An adaptive composite containing a shape memory alloy (SMA) as an active component is the subject of the paper. This composite utilizes the unique properties of SMA, which change their crystalline structure in response to the change temperature and stress. Previous research shows that the combination of the shape memory alloy as an active component and the elastic material as a passive one allows to improve the properties of the SMA and to engineer a composite material with controlled superelastic properties. 1, 2) In previous works 3, 4) we have shown that the main source of the instability during stress-or strain-induced martensitic transformation is the incompatibility of the austenite and martensite phases. The instability of martensitic transformation leads to the hysteretic behavior of the shape-memory material. The concept of an adaptive composite as a way to control instability of superelastic deformation was discussed in. 1, 2) In these works the adaptive elastically homogeneous composite has been studied. It has been shown that by varying a volume fraction of an active component it is possible to control the instability, i.e. to control the hysteresis of the composite.
However, the practical applications of elastically homogenous composites are rather limited, because the materials with elastic modulus close to SMA could not elongate elastically beyond 1.0% and superelastic effect in such kind of the composite will be small. To enhance the superelastic effect, the passive component should be able to deform elastically to a large strain. Thus, the polymer materials can be used as passive elements in the superelastic adaptive composites. Therefore, to describe SMA/polymer composites the theory of adaptive composites is generalized in this paper to include composites with different elastic properties of passive and active component.
The organization of the paper is as follows. First, the general theory of layer heterogeneous adaptive composites will be introduced. Then, the uniaxial deformation of the composite will be considered. As a result the effective Young's modulus of the adaptive composite will be calculated and the diagram of the stability of the superelastic deformation of the composite will be obtained.
Layer Heterogeneous Composite
Consider a composite containing non-transformable (passive) layers and transformable (active) ones (Fig. 1) . The elastic moduli of the passive and active layers areˆĈ 1 andˆĈ 2 , respectively. Let us assume that initially the active layers are in austenite phase. If there is a misfit between layers characterized by the misfit strain,ε M , then, the elastic energy of internal stress due to interaction between layers is 5) 
where γ is a relative thickness of an active layer,ˆĜ is the planar elastic modulus tensor, n is orientation of the normal of the interface and e I is an energy of interaction between active and passive layers:
After the transformation in the active layer, the austenite/martensite microstructure is formed due to the generic cubic-tetragonal transformation with self-strains ( Fig. 2(a) )
characterizing three possible martensite domains. The typical equilibrium microstructure consists of alternation of austenite and polytwin martensite plates. The self-strain of polytwin plate is ε 0 (α) and an average self-strain in the active layer is βε 0 (α). Thus, the free energy of the composite with typical equilibrium austenite-martensite microstructure in the active layer presented in Fig. 2(b) is
where the first term is an energy of interaction between active and passive layers. The second term is a free energy of the unconstrained active layer 3) (ˆĜ 2 (ε 0 (α)) 2 ) is the energy of incompatibility between martensite and austenite, ∆f is the difference of the free energies of the undistorted austenite and martensite phases. The third term is an energy of microstresses, which includes the surface energy of interfaces, where D is the period of the martensite phase, d is the twin spacing, h is the thickness of the active layer. The following assumptions have been made: (1) The difference between the elastic moduli austenite and martensite is much less than between austenite and passive layers and can be neglected. (2) The ratios D/ h and d/D are small so the martensite and austenite/martensite mixture can be considered as homogeneous mixtures (macroscopical approximation). It means that the surface energy of interfaces and the energy of oscillating microstresses can be neglected. The problem considered in this paper is analyzed in this approximation. Under external stress the equilibrium evolution of the microstructure is determined by the Gibbs free energy (free enthalpy), i.e. the work of external stress −σβε 0 (α) should be added to the free energy of the active layer (eq. (5)). Since the elastic moduli of active and passive layers are different, the additional misfit, ∆Sσ , appears under stress, i.e. the Gibbs free energy of the composite is [6] [7] [8] 
where S 1 and S 2 are compliances of the passive and active layers respectively, ∆S = S 2 − S 1 , σ is an external stress. The first two terms are the free enthalpy of the composite under stress with the active layer in an initial (austenite) phase, the second term is the free energy of unconstrained active layers and the last term is the energy of interaction between active and passive layers. The equilibrium microstructure, α 0 , β 0 can be found from the equations
The stress-strain relation and the effective compliance of the superelastic deformation are
In the following section the uniaxial deformation of the composite is analyzed.
Uniaxial Deformation of the Composite
Consider the multilayer composite consisting of the active and passive layers under uniaxial external stress applying along x 1 (Fig. 1) . The task is to obtain the stress-strain relations and the conditions of stability of superelastic and superplastic deformation of the composite. Elastic properties of the active and passive layers are assumed to be isotropic with equal Poisson's ratios (v 1 = v 2 = v). In this case the energy of interaction between active and passive layers (eq. (2)) reduces to
where ε M 1 and ε M 2 are the principal misfit strains in the interface plane, E 1 , and E 2 and are Young's moduli and Poisson's ratios, respectively.
Since the external stress is uniaxial, the martensitic phase contains a major fraction of domain 1 which contributes the maximum elongation along the extension axis. Thus, the polydomain martensitic phase should be a mixture of domain 1 and domain 2 which provide the maximal work due to transformation strain and minimum misfit with passive layer. Its self-strain is:
Under external stress, assuming that there is no misfit between active and passive layers prior to transformation, misfit between the layers is described as follows:
where σ is an external stress (σ ≡ σ 11 ). The energy of internal stress due to incompatibility between phases is 1 2
3)
Then, the free enthalpy (Gibbs free energy) (eq. (5)) is equal to
The stress-strain relation is determined by
where α 0 (α), β 0 (σ ) are solutions of the equations
The effective superelastic compliance of the composite is
After introducing the dimensionless parameters:
, the Gibbs free energy can be written as follows:
The parameter, φ = q
(where q is a latent heat and T 0 is a temperature of phase equilibrium), can be considered as an "effective temperature".
The first term is the free enthalpy of a composite before transformation in the active layer; the second term is the misfit elastic energy, the third term is the work of external stress on the self-strain of transformation ε = γβg[1 − α(1 + χ)]. The last two terms determine the internal free energy of the active two-phase layer.
The equilibrium microstructure is determined by the equations:
where Γ = (1 − γ )gξ is a constraint parameter. As we will show below, this parameter allows one to describe conveniently the dependence of superelastic deformation on elastic properties of the layers and a fraction of the active layer.
The equilibrium solutions, β 0 , α 0 , corresponds to the stable or unstable (saddle points) state depending on the sign of D:
The average strain and the effective compliance of the composite at the transformation in the active layer is determined by eqs. (12), (13) and are as follows:
where α 0 , β 0 are determined by eqs. (15a, 15b) . Solution of the set of equations (eqs. (15a, 15b)) shows that there are three different paths of the microstructure evolution depending on the temperature, φ, and the fraction of the active layer, γ .
(1) The evolution of austenite-martensite microstructure proceeds through the formation and growth of singledomain martensite, no polydomain martensitic phase is formed. (2) The transformation starts with formation and growth of polydomain martensitic phase. However, the fraction of twin domain, α, disappears before austenite transformation completes. Further superelastic deformation proceeds through the increasing of fraction of singledomain martensite. (3) The transformation starts with formation and growth of polydomain martensitic phase. As deformation proceeds, the fraction of twin domain, α, decreases. The austenite transformation completes before twin structure in the martensitic phase disappears and further deformation proceeds through the twinning of the martensite (superplastic deformation). In Fig. 3 the three regimes of microstructure evolution at superelastic deformation is shown in the diagram (φ, Γ ). The temperatures, φ * , φ * * which separate different regimes of microstructural evolution will be found from the analysis presented below.
The start of transformation is determined by eqs. (15), (18) Fig. 3 Three regimes of evolution of an equilibrium microstructure during superelastic deformation of a composite (φ is an "effective temperature", Γ is a constraint parameter, Γ = (1 − γ )gξ ).
(β 0 = 0):
At φ > φ * , where
α 0 = 0 in eq. (20), i.e. the transformation starts with formation of single-domain martensite. The strain and the fraction of twin domain, α 0 , at the beginning of transformation do not depend on the fraction of an active layer, γ . They coincide with ones of the unconstrained active material, 3) because there is no misfit between the passive and active layers prior to the transformation.
At φ < φ * the transformation starts with formation of polydomain martensite, but the polytwin structure disappears (α 0 = 0) at 
, that means the transformation completes before the twin domains disappear. The temperature, φ * * , corresponds to the evolution when the phase transformation completes and the twin structure disappears simultaneously. The temperature, φ * * , separates regimes (2) and (3) and the temperature, φ * separates regimes (1) and (2) on the (φ, Γ ) plane (Fig. 3) .
At φ > φ * * , the transformation completes (β 0 = 1, α 0 = 0) at
At φ < φ * * , the transformation completes before twin structure disappears. In this case β 0 = 1, α 0 > 0:
The typical stress-strain curves in each regime for different fraction of the active layer, γ , are shown in Figs. 4-6 . These curves are shown for the same elastic moduli of active and passive layers (ξ = 1) to compare with deformation of an unconstraint active material (γ = 1). The negative slope on the stress-strain curve (negative effective Young's modulus) corresponds to the unstable solutions of eq. (15) (D < 0) and to the hysteresis at stress controlled deformation. This hysteresis decreases with the fraction of the active layer and eventually disappears (Figs. 4-6) . 
Stability of Superelastic Deformation
To obtain a stable composite it is necessary to avoid the negative effective elastic modulus of superelastic deformation at all stages of transformation. In the analysis presented below we will show how to obtain the conditions of stable superelastic deformation for each regime of microstructural evolution (φ < φ * * , φ * * < φ < φ * , φ > φ * ). The conditions of stability will be obtained for the beginning of transformation (yield stress) and for all stages of transformation (general stability).
At φ > φ * (regime 1) the effective compliance of the superelastic deformation of composite remains unchanged during deformation and equals to
The effective modulus (E * = 1/S * ) is positive, i.e. the composite is stable at At φ * * < φ < φ * (regimes 2) the effective compliance at the beginning of transformation is
where α 0 is determined by eq. (20). Thus, the superelastic deformation of the composite is stable at the beginning of transformation if
The general stability of superelastic deformation in regime 2 is determined by the sign of D at the point where absolute value of negative effective modulus is maximal. As previous analysis shows, 3) the absolute value of effective modulus of superelastic deformation is maximum at the point where the fraction of the twin domain disappears, i.e. at σ = σ 3 , α 0 = 0, β 0 = β 0 (σ 3 ). Thus, at φ * * < φ < φ * , the stability of the composite can be determined by the sign of D at σ = σ 3 (eq. (16)). The solution of the equation:
where β 0 is determined by eq. (22), corresponds to the region of stability of the composite at φ * * < φ < φ * . At φ < φ * * (regime 3), the stability of superelastic deformation at the beginning of transformation is still determined by eq. (29) with α 0 determined by eq. (20). The absolute value of negative modulus is maximum at the transition from phase transformation to twinning of martensite (σ 2 , ε 2 ). Thus, the general stability of superelastic deformation at φ < φ * * is determined by the sign of D (eq. (16)) at σ = σ 2 , i.e. from the solution of the following equation:
where α 0 is determined by eq. (25). The regions of stability of the composite are shown in Fig. 7  (φ, Γ ) . The areas where the superelastic deformation of the composite is stable at all regimes of transformation, stable at yield stress (beginning of transformation), and unstable are shown by different gray scale. As can be seen from this diagram it is possible to have composite which is stable at the beginning of transformation, but unstable at the changing regimes of transformation.
Discussion and Conclusions
The problem of the composite containing shape memory materials as an active component has recently attracted great interest for development smart materials and structures.
9) The constitutive behavior of the composites with shape memory component has been investigated using both phenomenological 10, 11) and micromechanics-based modeling methods. 12) One of the main obstacles for use shape memory material for wider engineering applications is the stress-strain hysteresis.
In this paper the principles of design of adaptive heterogeneous composites with a controlled stress-strain hysteresis are proposed. However, for practical design of the stable composite the following should be taken into account.
To obtain the stable superelastic deformation of the composite it is necessary not only to eliminate negative effective modulus, but also to avoid any changes of microstructure regimes of transformation (since the nucleation of the new microstructure can create additional instabilities). Therefore, the temperature, φ * * , at which austenite transformation completes and twin structure disappears simultaneously, is the best suitable for designing the composite with minimum hysteresis. Thus, all fractions of an active layer, γ , and ratios between Young's moduli of the layers, ξ , which lie on the line φ * * (Fig. 7) are suitable for designing of the composite with- Fig. 7 Diagram of stability of superelastic deformation of a composite (φ is an "effective temperature", Γ is a constraint parameter). superelastic deformation is stable. superelastic deformation is stable at yield stress.
superelastic deformation is unstable. Fig. 8 The stable superelastic deformation of a composite with maximal elongation due to transformation in the active layer at different rations of Young's moduli of layers, ξ (φ = 0.15, Γ = 0.28).
out thermodynamic hysteresis. However, in order to obtain the maximal superelastic deformation it is desirable to have the largest possible fraction of an active layer. The point in the diagram (φ , Γ ) at which the superelastic deformation of the composite is stable at maximum elongation due to transformation is shown (φ = 0.15, Γ = 0.28). The fraction of the active layer corresponding to this point is
The stress-strain curves for this point at different ratios between elastic moduli, ξ , are shown in Fig. 8 . Thus for the composite with given elastic properties of the layers, ξ , there is a fraction of the active layer, γ , determined by eq. (32), which gives stable superelastic deformation with maximum elongation due to transformation. This curve corresponds to the stable superelastic deformation, the austenite and twins disappear simultaneously and there are no changing microstructure regimes of transformation. Thus, using the diagram in Fig. 7 and eq. (32) it is possible to obtain the fraction of the active component, γ , for the composite with elastic properties of the layers, ξ , which gives stable superelastic deformation with maximum elongation due to transformation. The analysis presented in this paper describes the superelastic deformation of the composite at uniaxial external stress along x 1 . At the deformation along other axes, the different set of martensite plates will be formed, and the performance of the composite will be different. However, the principles of calculation of stability of the superelastic deformation of the composite will remain the same.
